Abstract. In this paper, we establish some nonlinear delay discrete inequalities which provide explicit bounds on unknown functions. The inequalities given here can be used as tools in the qualitative theory of certain delay difference equations.
Introduction
It is well known that the finite difference inequalities involving functions of one and more than one independent variables which provide explicit bounds on unknown functions play a fundamental role in the development of the theory of finite difference equations. During the past few years, many such new inequalities have been established by many authors, which are motivated by certain applications. For example, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and the references therein. However, in the qualitative analysis of some classes of delay difference equations, the bounds provided by the earlier inequalities are inadequate and it is necessary to seek some new inequalities in order to achieve a diversity of desired goals. In fact, nobody studied the delay discrete inequalities, as far as we know. In this paper, we establish some nonlinear delay discrete inequalities which provide explicit bounds on unknown functions. Our results can be used as handy tools in the qualitative theory of certain delay difference equations. taken to be 0 and 1 respectively. Throughout this paper, all the functions which appear in the inequalities are assumed to be real-valued and all the sums involved exist on the respective domains of their definitions.
Our aim in this paper is to study the nonlinear delay discrete inequalities of the form
and
with the initial condition
Main results
In order to discuss our results, we need the following lemmas. Lemma 1. Assume thatp > I, a > 0. Then
Proof. If a = 0, it is easy to see that the inequality (1) holds. So we only prove the inequality (1) holds in the case of a > 0.
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Therefore,
The proof of Lemma 1 is complete.
LEMMA 2 ([8]). Assume that u(n),a(n),b(n)
are nonnegative functions defined for n G Nq, and a(n) is nondecreasing for n £ No. If
nonnegative functions defined for n G No-If a(n) and c(n) are nondecreasing in No, then the inequality (E) with the initial condition (I) implies
Proof. Fixing any positive integer M, we define a function z(n) by
where Nm -{0,1,..., M}. It is easy to see that z(n) is a nonnegative and nondecreasing function, and
Therefore, for n £ No with n -a > 0, we have
Using the initial condition (I), for n £ No with n -a < 0, we have Combining (7) and (8), we obtain
It follows from (6) and (9) that n-1
Taking n = M in (10), we obtain
Noting that M G NQ is arbitrary, from (11), we observe that
Similarly, we obtain (13)
Define a function u(n) by
Then (12) can be restated as
Using Lemma 1, from (15), for any fc > 0, we easily obtain
It follows from (14) and (16) that
where h(n) is defined by (5). Obviously, h(n) is nonnegative and nondecreasing for n G NQ. 
we easily obtain
This implies that
9(")<1 + I:/(£)£|W£)
Using Lemma 2 to (20) we have
Noting that u{n) < h(n)y(n), from (21) we obtain
Therefore, the desired inequality (4) follows from (13), (15) and (22).
(ii) If h(n) is nonnegative, we carry out the above procedure with h(n)+e instead of h(n), where e > 0 is an arbitrary small constant, and subsequently pass to the limit as e -> 0 to obtain (4). This completes the proof. Using a similar way in the proof of Theorem 1, we easily have (27) x(n) < z(n), n G N0, and n-1 n-1
THEOREM 2. Assume that x(n),a(n),b(n), f(n),g(n) are nonnegative functions for n e No and a(n) is nondecreasing in No-Then the inequality (E') with the initial condition (I) implies
Define a function u(n) by Then (28) can be restated as
It is easy to see that u(n) is a nonnegative and nondecreasing function for n G No. Therefore, using Lemma 2 to (31), we obtain n-1
i.e.,
where B(n) is defined by (24). Using Lemma 1, for any k > 0, it follows from (32) that
Combining (30) and (33), we obtain
where F(n) is defined by (25). Obviously, F(n) is nonnegative and nondecreasing for n £ Nq. Using Lemma 2, from (34), we have (35) s=0 pk p It follows from (32) and (35) that
Therefore, the desired inequality (23) follows from (27) and (36). The proof is complete. 
then the inequality [E") with the initial condition (I) implies
Using a similar way in the proof of Theorem 1 and noting that the condition (37), we easily obtain that z(n) is a nonnegative and nondecreasing function, and (41) x(n) < z(n), n € No, and n-1 n-1 (42) z p {n) < a(n) + ^6(s)z p (s) + ^L(s,z(s)), n e N0.
s=0 s=0
Define a function u(n) by We easily see that u(n) is a nonnegative and nondecreasing function for n £ No. Therefore, it follows from (45) that Combining (37), (44) and (47), we obtain p -l,i a(n) win) 
